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Abstract 
Several expansions of the solutions to the confluent Heun equation in terms of incomplete 
Beta functions are constructed. A new type of expansion involving certain combinations of the 
incomplete Beta functions as expansion functions is introduced. The necessary and sufficient 
conditions when the derived expansions are terminated, thus generating closed-form solutions, are 
discussed. It is shown that termination of a Beta-function series solution always leads to a solution that 
is necessarily an elementary function. 
 PACS numbers: 02.30.Gp, 02.30.Hq 
 
 
 
 The Heun equation (a second order Fuchsian linear differential equation with four 
regular singular points) [1] generates by confluence four different differential equations with 
irregular singularities. The singly confluent Heun equation is the first confluent equation 
obtained from the general Heun equation when the singularity at a finite point az =  of the 
complex z -plane is merged with that at infinity, thus resulting in an irregular singularity of 
rank 1 at infinity. The canonical form of this equation is written as [2,3] 
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This equation is widely known both in physics and mathematics, and it has been extensively 
investigated from different points of view. Svartholm and Erdélyi initiated a powerful 
technique of solution of the Heun equation by means of series of hypergeometric functions 
[4,5]. This technique has been applied to the confluent Heun equation (1) by numerous 
authors. Expansions in terms of Gauss hypergeometric and confluent hypergeometric 
functions have been constructed (see, e.g., [6,7]) and applied to different problems (for a 
survey, see [2]).  
 In the present letter, we show that when 0=α  or 0=σ  expansions in terms of 
incomplete Beta functions [8] are also applicable. Furthermore, we show that in some cases 
new expansions can be constructed using as expansion functions certain combinations of Beta 
functions (such expansion functions has been introduced in our earlier papers [9] to construct 
solutions to the general Heun equation). In particular, we develop such an expansion for the 
case ασ p4= . The mentioned expansions are governed by three-term recurrence relations 
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between successive coefficients of the expansion. We discuss the conditions for termination 
of these expansions and write out the first two explicit closed-form solutions derived for each 
case of termination. Further, we construct a generalized expansion involving combinations of 
Beta functions for the case 0=α . The expansion turns out to obey a four-term recurrence 
relation. Being different in general, however, this expansion generates the same closed form 
solutions as the above first expansion for 0=α  governed by a three-term recurrence relation. 
Finally, we show that several more elaborate developments resulting in different Beta-
function expansions for other (non-trivial) values of involved parameters are also possible. 
 Using an alternative representation of the incomplete Beta function through the Gauss 
hypergeometric function, it can easily be shown that the presented finite-sum solutions are 
always expressed in terms of elementary functions. We discuss this question in general and 
show that any solutions in the form of a linear combination of a finite number of incomplete 
Beta functions should necessarily be elementary functions. It should be mentioned here that 
there have been several recent studies where incomplete Beta functions appeared in solving 
the Heun equations (see, e.g., [10]). We would like to note that the solutions obtained are 
particular cases of the finite-sum expansions considered here and that in fact, according to the 
aforesaid, these are elementary-function solutions. 
 
 We search for expansions of the solutions to the confluent Heun equation in the form 
  ∑=
n
nnuau ,    ),( 00 δγ nBu zn += , (2) 
where ),( 0δγ nzB  (hereafter nn += 0γγ ) is the incomplete Beta function that is defined as [8] 
  0)Re(,)1(),(
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This function is written in terms of elementary functions when a  (or b ) is positive integer or 
when ba +  is a negative integer. The latter property is easily seen from the following 
alternative representation of the incomplete Beta function through the Gauss hypergeometric 
function [8]: 
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z ++−= . (4) 
 The functions nu  obey the differential equation [ 0)Re( >nγ ] 
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Substitution of (2) and (5) into (1) gives 
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Between the involved incomplete Beta functions the following recurrence relations hold 
  10 )()1( +++−=′− nnnnn uuuzz δγγ . (8) 
  nnnnn uuuz )()1( 0111 δγγ ++−=′− −−− . (9) 
Hence, the first two terms in equation (7) are always expressed in terms of functions nu . 
However, a key observation for what follows is that the combination )( 21 nn uCuCz +′  is not 
expressed as a linear combination of functions nu  for any (nonzero) 2,1C . There are different 
possibilities to overcome this difficulty. Below we present several such developments. 
 
 1. A straightforward possibility is to equate the term ( )nn upuz αδδ 4)1( 0 +′+−  to 
zero thus supposing that parameter α  of the initial Heun equation is zero (obviously, the 
alternative case 0=p  is a trivial one since then the Heun equation is simply reduced to the 
Gauss hypergeometric equation) and further putting δδ −= 10 . We then get a three-term 
recurrence relation between the successive coefficients of expansion (2): 
 021 =++ −− nnnnnn aPaQaR , (10) 
where 
 1)1( −+−= nnnR γγγ , (11) 
 σδγγγγ +−++−−= −−− )1)(1(4 211 nnnn pQ , (12) 
 )1(4 2 δγ −+−= −nn pP . (13) 
For left-hand side termination of the derived series at 0=n  we should have 00 =R , 
021 == −− aa , hence 
  γγ −= 10 . (14) 
Thus, the expansion is explicitly written as 
  ∑∞
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Since the incomplete Beta function is defined only when the argument n+−γ1  has a positive 
real part, the derived expansion applies for 1)Re( <γ .  
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 The series is terminated when 02 =+NP  and 0111 =+ −++ NNNN aPaQ  for some non-
negative integer N  [ Na  then being the last nonzero coefficient of series (15)]. The first 
condition is fulfilled when 
  N=−+ 2δγ . (16) 
For each fixed ...,2,1,0=N , the second restriction results in a polynomial equation of 
( 1+N )th order for the accessory parameter σ , defining, in general, 1+N  values of σ  for 
which the termination of the series is realized. Below are the explicit forms of the one- and 
two-term solutions. 
  0=N  ⇒  γδ −= 2 ,  )1(4 −= γσ p : (17) 
  )1,1( δγ −−= zBu , (18) 
  1=N  ⇒  γδ −= 3 , 0)32(16)8121( 222 =+−+−++ γγσγσ ppp :  (19) 
  )1,2(
1
)1(4)1,1( δγγ
γσδγ −−−
−−+−−= zz BpBu . (20) 
Note, however, that (16) implies that the sum of the parameters of each involved Beta 
function is a negative integer: 
  NnNnn ≤≤−=−++− 0,)1()1( δγ ,  
so that according to (4) the resultant solution is expressed in terms of elementary functions. 
As already mentioned above, this observation is common for all the finite-sum solutions (see 
the discussion of this point below). 
 
 2. It is possible to construct a different expansion using the recurrence relation 
between the derivatives of the incomplete Beta functions, 
  1+′=′ nn uuz , (21) 
Indeed, replacing nu′  in Eq.(7) by 1−′nuz  and putting now 0=σ , we get 
 ( )[ ] 04)1()1)(1()1(4 10 =+′+−+−+−+−∑ − nnn
n
n upuzzzzpa αδδγγ . (22) 
Also here, we have to put δδ −= 10  which leads to the following three-term recurrence 
relation 
  021 =++ −− nnnnnn aPaQaR , (23) 
with 2)1( −+−= nnnR γγγ , (24) 
 )1)(1(4 312 δγγγγ −++−−= −−− nnnn pQ , (25) 
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 αδγ ppP nn 4)1(4 3 −−+−= − . (26) 
Now we conclude that for left-hand side termination of this series at 0=n  again we should 
have γγ −= 10 . If the series is right-hand side terminated then it necessarily holds that 
  N=−−+ 1αδγ . (27) 
This time, the one- and two-term solutions with the corresponding additional equation for the 
parameters of the Heun equation are written as 
  0=N  ⇒  αγδ +−= 1 ,  0=γp : (28) 
  )1,1( δγ −−= zBu , (29) 
  1=N  ⇒  αγδ +−= 2 , 0))1(4(4 =−− αγγ pp :  (30) 
  )1,2(4)1,1( δγδγ −−−−−= zz pBBu . (31) 
Since 0=γ  is forbidden, for 0=N  the only choice is 0=p  so that this case is an 
unnecessary specification ( αγδ +−= 1 ) of the trivial case 0== σp , which is solved in 
terms of the incomplete Beta function (29) for any δ . However, starting from 1=N  the 
results are not so trivial. 
 
 3. A further possibility opens when trying an expansion in terms of specific 
combinations of the incomplete Beta functions. We will now demonstrate this constructing an 
expansion for the case σα =p4 . We start from the following ansatz 
  ∑ += +
n
nnn uuAau )( 1 ,    ),( 00 δγ nBu zn +=  (32) 
with a constant A  and use recurrence relation (21) to transform the term proportional to nuz ′  
(keeping unchanged the term 1+′nuz ). As a result, we get instead of equation (7) 
 
( )[ ]
( )[ ] 0)4()()1()1)(1()1(4
)4()1)(1()1(4
1101 =−+′++−+−+−+−∑
+−+′−+−+−∑
+++ nnn
n
n
nnn
n
n
uzpuAzzzzpa
uzpuzzzpAa
σαδδγγ
σαγγ
(33) 
so that when pασ 4=  we may put 1−=A  and then divide the equation by 1−z  thus 
arriving at the following equation 
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Now, if 
  00 =+δδ  (35) 
by putting nn uzu ′=′ +1  in the second sum this equation is rewritten as 
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 ( )[ ] 0)()1()1(4 1 =−+′−+−+∑ + nnnn
n
n uuuzzpa σγγ . (36) 
Hence, we can apply recurrence relations (8) and (9) to express all the terms in terms of 
functions nu . As a result, we arrive at the following three-term recurrence relation  
 021 =++ −− nnnnnn aPaQaR , (37) 
 1)1( −+−= nnnR γγγ , (38) 
 1021 4))(1( −−− ++++−−= nnnn pQ γσδγγγ , (39) 
 σδγ −+−= − )(4 02nn pP . (40) 
The condition for left-hand side termination of the constructed series at 0=n  is again 
γγ −= 10 . As regards the right-hand side termination of the series, it coincides with (27) 
  N=−−+ 1αδγ . (41) 
The solution corresponding to 0=N  involves two incomplete Beta functions:  
  0=N  ⇒  αγδ +−= 1 ,  0=δp : (42) 
  ),2(),1( δγδγ −−−−−= zz BBu , (43) 
and the solutions for 1=N  is written as a combination of three incomplete Beta functions: 
  1=N  ⇒  αγδ +−= 2 , 0)44(4 =+− αδδ ppp :  (44) 
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 4. Thus, the usage of combinations of the incomplete Beta functions has led to new 
results. However, of course, the above development is not the only possible one. We will now 
present a further example of application of the combinations of the incomplete Beta functions 
treating the case 0=α . Let us again apply the form ∑ += +
n
nnn uuAau )( 1  with 1−=A . For 
0=α  equation (33) is rewritten as 
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This leads to a four-term recurrence relation: 
 0321 =+++ −−− nnnnnnnn aLaPaQaR , (47) 
where 
 1)1( −+−= nnnR γγγ , (48) 
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 σγγδδγδγγγγ +++−+−++−−= −−−− 100211 )2())(1(4 nnnnnn pQ , (49) 
 σδγγδδγγδγ −+++−++−+−= −−−− ))(2(4)(4 0210102 nnnnn ppP , (50) 
 )(4 02 δγ += −nn pL . (51) 
For left-hand side termination of the derived series at 0=n  (i.e., 00 =R , 
0321 === −−− aaa ) we again get that we should have γγ −= 10 . Thus, the final expansion is 
explicitly written as 
  )],2(),1([ 0
0
0 δγδγ nBnBau z
n
zn +−−∑ +−=
∞
=
. (52) 
When this series is terminated then 03 =+NL  for some non-negative integer N : 
  02 0 =++− δγ N . (53) 
For each fixed ...,2,1,0=N , two more restrictions should necessarily be imposed on the 
parameters of the problem. These conditions are written as 
  021111 =++ −+−++ NNNNNN aLaPaQ   (54) 
and 
  0122 =+ −++ NNNN aLaP . (55) 
This set of equations specifies two of the parameters of the initial Heun equation (say, δ  and 
σ ). In general, the system possesses 2/)2)(1( ++ NN  solutions (compare with 
corresponding one-term expansion (15) when the termination of the series is possible in 1+N  
cases). As can be checked, these solutions present exactly the same set of solutions as the one 
derived by expansion (15) for N  equal to 1...,,2,1,0 +N  and 2+N . Thus, the derived 
expansion (52) provides an alternative representation for the finite-sum incomplete Beta- 
function solutions obtained from expansion (15). This observation may be useful for some 
applications. Here are the solutions for 0=N  and 1=N  together with the restrictions 
imposed: 
  0=N  ⇒  γδ +−= 20 ,  0,0 21 == PQ : (56) 
  γγγγγ
γγ
−
−=+−−−+−−=
+−−
1
)1()2,2()2,1(
11 zzBBu zz , (57) 
  1=N  ⇒  γδ +−= 30 , 0,0 31132112 =−=− LRQPPRQQ :  (58) 
  
[ ]
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 5. Several other developments are also possible. For instance, new possibilities open 
when one preliminarily transforms the initial Heun equation via change of the independent or 
dependent variables. Consider, for example, the transformation of the dependent variable 
  )(zveu zs=  (60) 
 resulting in the following equation 
  0
)1(
)1(
1
42 =−
++−+′⎟⎠
⎞⎜⎝
⎛
−++++′′ vzz
CzBzzAv
zz
psv δγ  (61) 
with 
  )(),(4),4( σγδγα +−=++=+= sCspBpssA . (62) 
The choice ps 4−=  ( 0=A ) turns equation (61) into a new confluent Heun equation so that 
above developments apply here as well. However, of course, this is a rather trivial case. More 
elaborate cases come up when choosing )1(or~)1( 2 −++− zzzCzBzzA . Consider, for 
example, the first case, i.e., 0, == CAB , achieved when 
  04)4( 22 =−++−+ γασδγγσ pp , (63) 
  γσ /−=s . (64) 
Trying now a Beta-function expansion for v  in the form of (2): 
  ∑=
n
nnvav ,    ),( 00 δγ nBv zn += , (65) 
we will get 
 ( )[ ] 0)1()1)(1()1()42( 20 =+′+−+−+−+−+∑ nnn
n
n vzAvzzzzpsa δδγγ . (66) 
Using further the recurrence relation between the derivatives of the incomplete Beta functions 
(21), we can replace nv′  by 22 −′nvz  and then divide the equation by 2z , thus arriving at the 
situation already discussed in section 1. Note that Eq. (63) defines two new rather non-trivial 
values of σ  for which incomplete Beta-function expansions apply. 
 Finally, note that the other choice )1()1( −=++− zzACzBzzA , i.e., 
)/(4 δγγασ += p  and γσ /−=s , leads to an expansion in terms of combinations of 
incomplete Beta functions analogous to that considered above in section 3. 
 
 6. Let us now discuss if it is possible to construct finite-sum incomplete Beta-function 
solutions that are irreducible to elementary functions. The answer is no. Actually, this 
conclusion applies to a very large class of equations, not only to the confluent Heun equation 
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discussed here. 
 A key observation to show this is that, in the force of the recurrence relation (8) [or 
(9)] and equation (21), any linear combination of finite number of incomplete Beta functions 
having the form ),( 00 δγ nBu zn += , ,...2,1,0=n  can eventually be written as 
  00
0
)( uzuAuau
N
n
nn ′+== ∑
=
ϕ , (67) 
where A  is a constant, )(zϕ  is an elementary function and ),( 000 δγzBu = ; 0u  obeys the 
equation 
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Note that equation (67) shows that the finite-sum incomplete Beta-function solutions actually 
present a form of the Darboux transformation [11]. An important further observation 
following from equations (67) and (68) is that all the derivatives ,....,, uuu ′′′′′′  are proportional 
to 0u′  and thus are elementary functions since 0u′  is an elementary function, indeed, 
  11000 00 )1(),(
−− −=′=′ δγδγ zzBu z . (69) 
 If A  in equation (67) is zero, then u  is an elementary function. Suppose now that 
0≠A  and consider a Kth order ordinary differential equation (not necessarily linear) of the 
following special form 
  0),....,,,( )( =+′′′ uuuuzF K , (70) 
where F  is an arbitrary elementary function of its arguments [evidently, the confluent Heun 
equation (1) is a particular simple case of this large class of equations]. In the force of what 
was said above about the derivatives of u , it follows that F  is an elementary function of z , 
whereby it is readily understood that u  is necessarily an elementary function. 
 Thus, a solution of equation (69) having the form of a linear combination of a finite 
number of incomplete Beta functions ),( 00 δγ nBz +  is always reduced to elementary 
functions. Note that, in general, these are not polynomials. In our case of the confluent Heun 
equation these solutions present alternative representations of the known quasi-polynomial 
solutions [2]. As regards infinite series solutions presented here, these are new solutions not 
reported so far in the literature. We would like to note here that these solutions are of intrinsic 
importance and may be useful for different applications. A representative physical example is 
the application of these infinite series solutions to the optical surface polariton problem 
discussed in our earlier paper [9]. 
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 Consider, finally, the convergence of the derived infinite series. It follows from the 
above recurrence relations for the coefficients of the series that in all the presented cases holds 
  1lim 1 =+∞→
n
n
n a
a
. (71) 
Noting now that for the incomplete Beta-functions ),( 00 δγ nBu zn +=  
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zu
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12 , (72) 
it is easily seen (say, using the D’Alambert criterion) that all the derived series absolutely 
converge for 1<z . Further, using Gauss’s test, it can be shown that all the series converge at 
1=z  if 1)Re( <δ  (note that the series apply for 1)Re( <γ ). 
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